We present a novel method for generating Yang-Mills scattering amplitudes at one-loop order with quadratic propagators in the context of the scattering equations. We demonstrate the method and check its consistency through unitarity and discuss generalizations.
Introduction
The search for computational techniques for scattering amplitudes in quantum field theory is an area under constant development. In the remarkable series of papers by Cachazo, He and Yuan (CHY) [1] [2] [3] it was shown that one can obtain tree-level Smatrix amplitudes in arbitrary dimension for a broad variety of theories, in the context of the so called scattering equations:
s ij z i − z j = 0 , i ∈ {1, 2, .., n} .
(1.1)
Here s ij ≡ (k i + k j ) 2 are the usual Mandelstam invariants, defined from the external momenta k i and k j , and the variables z i and z j are auxiliary coordinates. The scattering equations exhibit PSL(2, C) invariance, and thus only a subset of them are independent. Amplitudes are given by a contour integral enclosing the solutions to the scattering equations,
where I CHY (z ) is the integrand and we employ the integration measure, dµ n , dµ n ≡ n a=1 dz a Vol (PSL(2, C))
(1.3) section 3 we demonstrate how to use the results from section 2 to derive loop integrands with quadratic propagators and to validate the construction using unitarity. Section 4 contains our conclusions.
2 Yang-Mills one-loop amplitudes from scattering equations Yang-Mills tree amplitudes are computed in the scattering equation formalism from integrands of the type I (0) n (α(1), α(2), . . . , α(n)) = PT[α (1) , α(2), . . . , α(n)] × I Pf n ,
2)
and Pf (Ψ) k i k j k i k j denotes the Pfaffian of the matrix Ψ = A −C T C B with rows and columns corresponding to legs k i and k j reduced and
(2.3)
Here i denotes polarisations and we employ the short-hand notation z ij ≡ z i −z j as well as k a 1 a 2 ···ap ≡ k a 1 +k a 2 +· · ·+k ap . Given the ordering of the legs {α(1), α(2), . . . , α(n)} ≡ α(1, 2, ..., n) ≡ α n we define the Parke-Taylor factor
.
To use the scattering equation formalism to derive one-loop integrands in Yang-Mills theory, we will exploit knowledge about loop integrands in scalar φ 3 theories in the forward limit. In ref. [7] it was shown how one-loop amplitudes with α n external legs could be derived from Parke-Taylor integrands such as
5)
where + = − − ≡ and where the sum is over cyclic permutations of α n . To extend this construction to Yang-Mills theory it is natural to use the following integrand
Pf (Ψ n+2 )
Here Ψ n+2 is a 2(n + 2) × 2(n + 2) matrix with entries defined similarly to eq. (2.3), supplemented with two additional opposite and equivalent off-shell loop leg rows and columns, + and − . In the formula D denotes the dimension of the space-time and the sum in r runs over the physical polarisation degrees of freedom of the off-shell legs.
We have checked correspondence of the above integrand with the recent results of [12, 21] and worked out a number of examples (up to four points) that demonstrate by direct computation that the application of the integration rules for scalar φ 3 theories combined with the results of [17] allows an identification of Yang-Mills one-loop amplitudes in the forward limit.
A convenient way to expand a given integrand I (1) n (α n ) in one-loop pure Yang-Mills theory is to exploit KLT orthogonality refs. [24] and to decompose the Pfaffian contribution in terms of products of Parke-Taylor factors and numerator coefficients that satisfy color-kinematics identities on the support of (n + 2) scattering equations ref. [3] (see also refs. [22, 25, 26] ),
(2.7)
In the expression we sum over permutations of ρ n and define
corresponding to the half-ladder tree diagram shown in Fig. 1 .
l l + (1) (2) (n) Figure 1 . Half-ladder tree diagram associated with the one-loop color-kinematic numerator, n[ + , ρ n , − ] for off-shell momenta + and − .
In the sum over polarisations, it is useful to introduce two reference vectors η and q satisfying q 2 = r · q = 0, η · = η · k i = η · i = 0 and η 2 = 2 . From the completeness relation it then follows that n[ + , ρ n , − ] is invariant under shifts, → + η and that we can define
which allows the formulation of the compact rules
An integrand at one-loop for pure Yang-Mills theory with linear propagators that utilizes color-kinematic identities is thus
It is important to note that color-kinematic numerators (also known as BCJ numerators), do not have a unique representation (see for instance ref. [27] [28] [29] ). We will in this presentation employ the numerator representation of ref. [29] .
Quadratic propagators
Armed with the machinery for integrands with linear propagators, we now develop a formalism for computing one-loop Yang-Mills integrands with traditional quadratic propagators. Since we work at the one-loop level it suffices to consider planar amplitudes. The basic idea is to consider a double forward limit of four massless on-shell gluons instead of the single forward limit we discussed so far. In the double forward limit we use ≡ 1 + 2 and 2 i = 0 with 2 = 0. Based on the above ideas and the linear propagator construction, we now propose the following integrand for Yang-Mills amplitudes in the double forward limit
3)
The sum in r 1 and r 2 run over the polarisation degrees of freedom and n[
, is the color-kinematic numerator corresponding to the propagator structure of the tree diagram in Fig. 2 .
Half-ladder tree diagram associated with the one-loop color-kinematic numerator:
We must in the double forward-limit at one-loop level specify additional rules for the sum over polarizations. They are as follows
thus the double-forward limit is derived from
We now make the surprising observation that non-trivial algebraic connections exist in four dimensions between linear and quadratic numerators (we note that although we do not have a formal proof of this relation we have preformed extensive algebraic checks)
We thus arrive at the following simple prescription for four-dimensional Yang-Mills loop amplitudes with quadratic propagators
To avoid any possible singular solutions of the scattering equations, we carry out the identification, + i = − − i and + 1 + + 2 = , after computing the integration over the scattering equations.
To check the above quadratic propagator prescription let us consider the quadruple cut conditions for the four-point amplitude as illustrated in Fig. 3 . Figure 3 . Quadruple cut given by the conditions, 2 = ( 1 ) 2 = ( 2 ) 2 = ( 3 ) 2 = 0. We define,
The only non-vanishing helicity configurations in four dimensions are of the MHVtype, namely (− − ++) and (− + −+). For the helicity configuration (1 − , 2 − , 3 + , 4 + ) we immediately identify the two quadruple cut contributions
(3.10)
In this case there is no triple cut contribution. We consider next the helicity configuration (1 − , 2 + , 3 − , 4 + ) where we again verify the quadruple cut solutions 
(3.11)
In this case there is a triangle contribution that can be matched with the result from the triangle cut illustrated in Fig. 4 . Thus there is full consistency between the quadratic propagator construction and the box and triangle coefficients, see e.g. ref. [30] . In order to also verify bubble contributions we have to consider the double cut (see e.g. ref. [31] ) with branch-cut discontinuities at 2 = 0 and ( + k 1 + k 2 ) 2 = 0, Inspired by ref. [32] we employ the coordinates z ±
and integrate over the ξ ± part of the measure dµ (n+4) in eq. (3.8). In the integration we sum over the residues corresponding to (
The result is
where dµ (n+2) denotes the residual integration over the scattering equations. Now employing the technology of refs. [2, 33, 34] we directly demonstrate that the integrand (3.8) indeed yields the expected expression for the four dimensional discontinuities of the one-loop amplitude. First we note that by the integration, the result (3.12) is a cyclic sum of on-shell Yang-Mills tree amplitudes. Since the cut integral transforms as
We now have to identify the factorization channels corresponding to, ( + k 1 + k 2 ) 2 = 2 · k 12 + s 12 and ( − k 1 − k 2 ) 2 = −2 · k 12 + s 12 in (3.12), as illustrated below, 
We arrive at
where Γ andΓ are the contours circling the residues at, 2 = 0 and ( + k 1 + k 2 ) 2 = 0 or ( − k 1 − k 2 ) 2 = 0 respectively. Finally by the shift of integration˜ = − k 1 − k 2 , in the second integral, we land on the expected result
which validates our amplitude construction (3.8).
The four-point Yang-Mills amplitude with quadratic propagators
We will now compute the four-point four-dimensional amplitude at the integrand-level with quadratic propagators from the scattering equations. We start with 1, 2, 3, 4) , (3.15) and after performing the integration of dµ (4+4) and dΩ, we immediately obtain the result A where the I 4 , I 3 , I 2 and I 1 denotes box, triangle, bubble and leg-bubble integrands given by the expressions We sum over cyclic permutations of the external legs {1, 2, 3, 4}, and we have introduced the following notation for the color-kinematic numerators We observe that the quadratic propagator approach can generate external leg-bubbles, unlike the linear propagator prescription, see refs. [12, 21, 35] . To simplify the above expressions, we can collect all equivalent diagrams by shifting the loop momenta. Thus we arrive at the following one-loop integrands We identify these new numerators as the quadratic BCJ numerators.
Clearly, N 4 (1234; ) − N 4 (2134; ) = N 3 ([1, 2]34; ), hence this is not a color-kinematic numerator representation. Nevertheless, this new representation has the advantage that all numerators are written in terms of one linear master numerator which is simple to compute. The four-point master numerator is provided in the appendix. Generalization of this formalism to higher multiplicities is straightforward.
Conclusion
In this paper, we have proposed a new scattering equation construction for one-loop Yang-Mills amplitudes. Compared to the results of ref. [12] , our proposal produces propagators that are quadratic in the loop-momentum similar to the usual Feynman expansion.
It is interesting to examine applications of our construction for higher loop amplitudes, for amplitudes in the pure spinor formalism, see ref. [36] and well as for amplitudes from ambitwistor strings, see e.g. refs. [21, 27, 37] .
Another interesting idea could be to extend the formalism to pure gravity amplitudes with massive sources, for instance in the context of ref. [38] , since four-dimensional amplitude results at loop level are becoming increasingly valuable input for research in general relativity, see for instance refs. [39] .
It was crucial for our derivation that linear and quadratic numerators could be algebraically linked. For applications beyond four-dimensions the direct algebraic link between numerators appears to be broken, however, we have observed by direct computation that the four-point all-plus amplitude can be derived nevertheless. Further validations of the thrilling suggestion that the presented quadratic propagator construction eq. (3.8) might be universally correct, is beyond the scope of this paper, but we note that investigations of soft factorization limits, along the lines of the ideas in refs. [35, 40] support it. Such studies are natural directions for future research.
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A Four-point master numerator, n(1234; )
To compute the color-kinematic numerators using the algorithm of ref. [29] , it is necessary to choose a reference ordering. We specify the reference ordering, RO, in the following way by, n(ρ n |RO; ) and N (ρ n |RO; 1 , 2 ). Symmetric combinations are n(ρ n ; ) = 1 2 (n!) RO∈Sn n(ρ n |RO; ) + (−1) n n(ρ n |RO; − ) , (A.1)
whereρ n = ρ(n, n − 1, ..., 1) is the reverse of ρ n which appears in order to include the symmetry, → − . The numerator n(1234; ) is computed in the symmetric combination.
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